Introduction and preliminaries
Let C be a nonempty subset of a metric space X and T : C → C be a mapping. We assume that F(T), the set of fixed points of T, is nonempty and I = {, , , . . . , r}. The mapping T is (i) 
Ld(x, y)
γ for all x, y ∈ C and n ≥ ; and (vi) semi-compact if for a sequence {x n } in C with lim n→∞ d(x n , Tx n ) = , there exists a subsequence {x n i } of {x n } such that x n i converges to a point in C. Clearly, the class of generalized asymptotically quasi-nonexpansive mappings includes the class of asymptotically quasi-nonexpansive mappings. This shows that {T i : i ∈ I} is a finite family of generalized asymptotically quasi-nonexpansive mappings with i∈I F(T i ) = ∅.
Convergence theorems for various mappings through different iterative methods have been obtained by a number of authors (e.g., [, , ] and the references therein). For more on the study of fixed point iteration process, the interested reader is referred to Berinde [] and Ciric [, ] .
Let C be a convex subset of a normed space. Yildirim and Özdemir [] introduced the following multistep iterative method:
If T  = T  = · · · = T r and α jn =  for j = , . . . , r and r ≥ , then the iterative method (.) reduces to the Mann iterative method [] . Let us note that the scheme (.) and multistep scheme (.) in [] are independent of each other.
Moudafi [] proposed a viscosity iterative method by selecting a particular fixed point of a given nonexpansive mapping. The so-called viscosity iterative method has been studied by many authors (see, for example, [, ]). These methods are very important because of their applicability to convex optimization, linear programming, monotone inclusions and elliptic differential equations [] .
Recently, Chang et al.
[] introduced and studied the following viscosity iterative method:
where T is an asymptotically nonexpansive mapping [] and f is a fixed contraction.
The iterative methods in (.) and (.) involve convex combinations, and so a convex structure is needed to define them on a nonlinear domain.
A mapping W :
for all x, y, u ∈ X and α ∈ J = [, ]. The metric space X together with a convex structure W is known as a convex metric space. A nonempty subset C of a convex metric space X is convex if W (x, y, α) ∈ C for all x, y ∈ C and α ∈ J. All normed linear spaces are convex metric spaces, but there are convex metric spaces which are not linear; for example, a CAT() space [, ]. A convex metric space X is uniformly convex if for any ε > , there exists δ = δ(ε) >  such that for all r >  and x, y, z
] which provides such δ = η(r, ) for given r >  and ε ∈ (, ] is called modulus of uniform convexity. We call η monotone if it decreases with r (for a fixed ).
Obviously, uniformly convex Banach spaces are uniformly convex metric spaces. In general, a convex structure W is not continuous [] . Throughout this paper, we assume that W is continuous.
We now devise a general iterative method which extends the methods in (.) and (.) simultaneously in a convex metric space.
We define an S n -mapping generated by a family {T i : i ∈ I} of generalized asymptotically quasi-nonexpansive mappings on C as
where U n = I (the identity mapping),
For {α n } ⊂ J, a fixed contractive mapping f on C and S n given in (.), we define {x n } as follows:
and call it a general viscosity iterative method in a convex metric space. The purpose of this paper is to: (i) establish a necessary and sufficient condition for convergence of iterative method (.) to a common fixed point of a finite family of generalized asymptotically quasi-nonexpansive mappings on a convex metric space; (ii) prove strong convergence and -convergence results for the iterative method (.) to a common fixed point of a finite family of generalized asymptotically quasi-nonexpansive mappings on a uniformly convex metric space. We now assume that F = i∈I F(T i ) = ∅. We need the following known results for our convergence analysis.
Lemma . (cf. [])
Let the sequences {a n } and {u n } of real numbers satisfy
Then (i) lim n→∞ a n exists; (ii) if lim inf n→∞ a n = , then lim n→∞ a n = .
Lemma . ([])
Let X be a uniformly convex metric space. Let x ∈ X and {a n } be a sequence in [b, c] for some b, c ∈ (, ). If {u n } and {v n } are sequences in X such that
Convergence in convex metric spaces
In this section, we prove some results for the viscosity iterative method (.) to converge to a common fixed point of a finite family of generalized asymptotically quasi-nonexpansive mappings in a convex metric space.
Lemma . Let C be a nonempty, closed and convex subset of a convex metric space X and {T i : i ∈ I} be a family of generalized asymptotically quasi-nonexpansive self-mappings of
Proof (a) Let p ∈ F and ν n = max i∈I u in for all n ≥ . Since
By mathematical induction, we have
Now, by (.) and (.), we obtain
That is,
where ξ n = M(α n + r i= c (r-i+)n ) and ∞ n= ξ n < ∞. (b) We know that  + t ≤ e t for t ≥ . Thus, by part (a), we have
The next result deals with a necessary and sufficient condition for the convergence of {x n } in (.) to a point of F. Proof The necessity is obvious; we only prove the sufficiency. By Lemma .(a), we have
Therefore,
, so by Lemma . and lim inf n→∞ d(x n , F) = , we get that lim n→∞ d(x n , F) = . Next, we prove that {x n } is a Cauchy sequence in X. Let ε > . From the proof of Lemma .(b), we have
As lim n→∞ d(x n , F) =  and ∞ i= ξ i < ∞, so there exists a natural number n  such that
and
So, for all integers n ≥ n  , m ≥ , we obtain from (.) that
Thus, {x n } is a Cauchy sequence in X and so it converges to q ∈ X. Finally, we show that q ∈ F. For any ε > , there exists a natural number n  such that
There must exist p
Since ε is arbitrary, therefore d(p
Remark . A generalized asymptotically nonexpansive mapping is a generalized asymptotically quasi-nonexpansive mapping. So Theorem . holds good for the class of generalized asymptotically nonexpansive mappings.
Results in a uniformly convex metric space
The aim of this section is to establish some convergence results for the iterative method (.) of generalized asymptotically quasi-nonexpansive mappings on a uniformly convex metric space. 
Lemma . Let C be a nonempty, closed and convex subset of a uniformly convex metric space X and {T i : i ∈ I} be a family of uniformly Hölder continuous and generalized asymptotically quasi-nonexpansive self-mappings of C, i.e., d(T n i x, p i ) ≤ ( + u in )d(x, p i ) + c in for all x ∈ C and p i ∈ F(T i
and hence
Combining (.) and (.), we get
Using (.) and (.), we have
This together with (.), (.) and Lemma . gives that
If j = r,we have by (.)
In case j ∈ {, , , . . . , r -}, we observe that
Hence,
Since T j is uniformly Hölder continuous, therefore the inequality
together with (.) and (.) gives that
As before, we can show that
Therefore, by (.) and (.), we get
Let us observe that
By the uniform Hölder continuity of T j , (.) and (.), we get 
Since {x n } is bounded and T m j is semi-compact, {x n } has a convergent subsequence {x n i } such that x n i → q ∈ C. Hence, by (.), we have
Thus q ∈ F, and so by Theorem ., {x n } converges strongly to a common fixed point q of the family {T i : i ∈ I}.
An immediate consequence of Lemma . and Theorem . is the following strong convergence result in uniformly convex metric spaces. For this, we collect some basic concepts. Let {x n } be a bounded sequence in a uniformly convex metric space X.
The asymptotic radius ρ = r({x n }) of {x n } is given by
The asymptotic center of a bounded sequence {x n } with respect to a subset C of X is defined as follows:
A C {x n } = x ∈ X : r x, {x n } ≤ r y, {x n } for any y ∈ C .
If the asymptotic center is taken with respect to X, then it is simply denoted by A({x n }). A sequence {x n } in X is said to -converge to x ∈ X if x is the unique asymptotic center of {u n } for every subsequence {u n } of {x n }. In this case, we write -lim n x n = x and call x as -limit of {x n }. Proof By Lemma ., {x n } is bounded, and so by Lemma ., {x n } has a unique asymptotic center, that is, A({x n }) = {x}. Let {z n } be any subsequence of {x n } such that A({z n }) = {z}. Also by Lemma ., we have lim n→∞ d(z n , T j z n ) =  for each j ∈ I.
We claim that z is a common fixed point of {T j : j ∈ I}. To show this, we define a sequence {w k } in C by w k = T Open problem Assume that the initial point is the same in scheme (.) and multistep scheme (.) in [] . Under what conditions are these schemes equivalent?
